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The perturbative evaluation of the effective action can be expanded in powers of derivatives of 
the external field. We apply the renormalization group equation to the term in the effective action 
that is second order in the derivatives of the external field and all orders in a constant external field, 
considering both massless scalar (/>4 model and massless scalar electrodynamics. A so-called "on 
shell" renormalization scheme permits one to express this "kinetic term" for the scalar field entirely 
in terms of the renormalization group functions appropriate for this scheme. These renormalization 
group functions can be related to those associated with minimal subtraction. 



PACS numbers: ll.lO.Hi 



I. INTRODUCTION 



In the massless model whose classical action is 

1 ,w„„ A 



'cl 



(1) 



the effective Lagrangian in the presence of a background field ^^.j can be expressed in powers of the 
derivatives of (j)^^ so that [l| 

^efF = -^(<^cl(0)) + ^^('^cl(O)) (5,,0cl(O)5''<^cl(O)) + ' ' ' ■ (2) 

(Henceforth, </)gi will be simply denoted by ^-L The effective potential V can be computed using either 
diagrammatic [1| or functional methods [2, S U]; in both cases divergences arise which require a renor- 
malization. Consequently, V has explicitly dependence on a renormalization scale parameter ^. Since /j, 

dV 

is unphysical, there must be implicit dependence of V on fi through A and (p so that /x— — = 0. This leads 

a/i 

to the "renormalization group" (RG) equation. Solving this equation perturbatively allows one to find in 
closed form the sum of all the so-called "leading- log" (LL), "next-to- leading-log" (NLL) etc. contributions 
to V. Applying this technique in the massless standard model leads to a prediction of a Higgs mass of 
approximately 220 Gev 0, [y|. Furthermore, the on shell renormalization condition 

d03 - ^ (3) 

has been shown to fix V entirely in terms of the RG functions associated with this scheme This 
is also true in massless scalar electrodynamics The renormalization group has also been applied to 
analyzing V in Refs. [H, [13, [H, [H, [Ifll . 

The RG equation can also be used to extract information about the kinetic term Z{(j)) occurring in 
equation In this paper, we follow the approach of Refs. [3, [3] to show how Z{(j)) is in fact completely 
fixed by the RG functions in much the same manner that V is determined. No Feynman diagrams need 
to be evaluated in the course of determining Z. Again, we consider the cfif model of eq. ([T]) and massless 
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scalar electrodynamics. The need to perform explicit perturbative calculation of Z through evaluation of 
Feynman diagrams (as in Refs. [lol. [ill. [l^) is completely circumvented. 

The function Z{<^) is of particular interest, as if v is the value of that minimizes so that 

V'{v) = 0, (4) 

then the radiatively induced mass of the scalar is given by [H 



M'' = V"{v)lZ{v). 



(5) 



In the discussion of the radiatively induced Higgs mass in the standard model in Ref. 0,01, ^(0) was 
taken to be close to its classical value of one. 



Applying the condition 



II. Z{4,) IN THE MODEL 



II— {z{cb)d^^d'^cj,) = 



to the kinetic term in the effective Lagrangian of eq. ^ results in 

Z(A,</>,m) = 0, 



where in eq. ([7]) 



m = M 

7(A) = 



(6) 

(7) 

(8) 
(9) 



and the dependence of Z on A and as well as (j) has been explicitly noted. 

Divergences which arise in the computation of Z require imposition of a renormalization condition. 
The condition we chose is 



Z{X,(f) ^ fi,^) ^ 1. 



(10) 



This is an "on shell" condition, much the same as the condition on V given in eq. |[3]) [l|. 

The general form of f3{X), 7(A) and Z{X, cj), fi) when the renormalization condition of eq. (fTO| is appHed 

is 



P{X) = ^6„A" 

00 

7(A) = E5«A" 



and 



Z(A,0,/i) = ^5Z^"™^"^' 



(11) 
(12) 

(13) 



where L = ln (t/)^/^^). There are several ways of rearranging the sum in eq. (|13p . one being the "vertical" 
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reorganization so that 



(14) 



where 

oo 
n=0 

another being the "diagonal" reorganization 

oo 
m=0 

where 

oo 

{XLY 

11=0 



(15) 



(16) 



(17) 



The function ^^.(AL) is the N™LL contribution to Z. 

We now will show that the RG equations when applied to Z written in the form of eq. lfT4|) allows one 
to express Am{X) in terms of j4o(A). Substitution of eq. lfT4|) into eq. ((7]) results in 



E 

m=0 



(-2 + 27(A)) mL"-^ + /3(A)— + 27(A) L 



dX 



AmiX) = 0, 



which shows that at each order of L 



1 



2m 



ArniX) = — /3(A)— + 27(A) An-l(A) 



dA 



(18) 



(19) 



where /3 = /3/(l — 7) and 7 — 7/(1 — 7). 
If now we define 



and 



then eq. (|T9|) becomes 



^™(A) =cxp -2 



77(A) = 2 



7(^) 
Ao /3(.t) 



da; S,„(A), 



dx 

Ao /3(a;) 



(20) 



(21) 



5,„(A) = --^S™_i(A(r/)) 
m dry 



1 d™ 

771 ! d77™ 



So(A(77)). 



(22) 
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The sum in eq. (fT4|) now becomes 

Z = 



m=0 



cxp 



2ix) 

K-n+L) ${x) 



dx 



. to! (i?7™ 
dx| Ao(A(rKA)+i)), 



(23) 
(24) 



showing that Z itself can be expressed in terms of Aq and the RG equations f3 and 7. 

If now we impose the renormaHzation conditions of eq. (flOl) . then as i = when (j)'^ = //^ and A(?7) = A, 
we see that eq. (|24| becomes 



^o(A) = 1. 



(25) 



With ^o(A) having been so fixed, Z is seen now to be determined solely by the RG functions /3 and 7 
evaluated in the renormaHzation scheme of eqs. ^ and (fTO|) . 

It is also convenient to examine the consequence of substituting eq. (flGl) into ([7]) , along with expansions 
of eqs. HI]) and ([12]). This results in 

• •)] [XS'o + A^^J + + ■■■] 



[-2 + 2(.giA + .g2A^ 
[b2X^ + bsA^ + • • •] 



{Si + 2A52 + 3X^83 + ■■■) + I- {S'o + XS[ + X^S!^ + • • •) 



2[giA + 52A2 + ...] [5o + A5i + A^Sa + • • •] = 0. 



(26) 



Here, Sm is evaluated at ^ = XL. At order A™+^, eq. l(26|) generates a differential equation expressing 
SmiO ill terms of S'm-ilC); • ■ ■ j 'S'o(C) ^is the following 



(27) 



where we have defined a constant go = —1. 

We now impose the renormaHzation condition of eq. ifTO]) ; this combined with eq. (fT6| shows that 



1 = J2 A'"5™(0) 



(28) 



m=0 



SO that S'm(O) = Smo- This serves as the boundary condition to the differential equations l(27j) for Sm{0- 
As = [3], eqs. l(27|l have the following solution 



Sm{0 — urn 



rn I ^ i — 1 



3=0 



(29) 



where w = 1 — and Omo and are constants in terms of the coefficients 6„ (n < m + 1) and 
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5n {n < m+ 1) of RG functions P and 7. In particular, the solutions to Sq to S4 are 



SoiO = 1 



1 

b~2 
1 



-2.92 



w 



2^2 + 6392 - gsh 



4 1 

- + — 

w w 

1, 



(2.92 - 63.92 + .9362 - 26352 Inw) 



/ I I 2 1 \ 2 

-2 ( 63,9! - 3.9462 - 3 6462.92 + 3.92 + 3 63.92 j - — (525362 - 2.9^ - 635I) 

+ ^ (4635^ In w - 2 (-6^52 + 646252 - 6352 + 9262 + 325362 + 25I)) 

+ ^ (262.92 (In - 2(263.92 + ^263.93) Inw 

/ 1 2 1 2 2 

-2 ( -5262 - 3^462 - -645262 + -635362 - 529362 + 635I + 36352 - 352 



(30) 
(31) 

(32) 



(33) 



2/3 3 

- ( - (63.9462 + 65526^ + 646253 - 52^362 - ,956!) - 26462,9! - -63645262 + 3635! 



7 11 

'2^35262 + ^6^5^ - 35I9362 + 252.946^ + .9^ 



— (646252 - 252 + 63,92.9362 - 635! + 3,9^,9362 - 3635^ - .92546: 
3w 

32 (2(-26352 - 63,92 + 6352.9362) Inw 



w 

-6^52 - 326^53 + 2635262(64 + .93) - .9^6^ + 4.9^62 + 635252 - 5625! _ 65.9262 + 45^ + 4646252 

- ^ (4 (635262 + 63.92.9362 - 6^52 + 2635I + 636452622/) In w - 46^5!(lnu;)2 
2 

- - (26352.9362 - 3646293 - 35262.93 + 6635I - 125262 - 2.92.9462 + 3635362 



-4,94 - IO6462.922 - 65225362 + 1052522)) 

- ^ (^2blg2{\nwf + (652.92 + 3525362 + 26^52) (lnu;)2 



o ( 65262 + 79562 + 7.9362 - 7639362 + 76462.93 + 4646252^ + 3.925362 + 2.92.9462 + ^526253 



,2l2 



3 3 7 3 3 3 z 

^655262 - -63645262 - -63525362 - -i^bzglbl - -bsg^bl + -blg2 - 3635^ - 'f^'^^^^ + 92 



.3 13 2 2 



463.9^ + 45^52 - 463645262 - 6635I62 " 2635462 + 26352 - 663525362) Inu) 



2„2 



(34) 



In eqs. l|30H34p we have not only the complete five-loop contribution to Z without having to compute any 
Feynman diagrams, but also the LL, • ■ • , N^LL contribution to Z coming from all orders of pert urbation 
theory. The LL result of eq. (|30|) is consistent with the perturbative calculations of Z (lol. Illl. [l^. We 
note that it is not a solution to the RG equation |[7]) when /3 and 7 are truncated to lowest order; the 
solution to this equation involves contributions from parts oi Sm (w > 1). The solution l|29p is completely 
determined by the RG functions. 

The RG functions (3 and 7 used to this point are these associated with the renormalization conditions 
of eq. ([3]) and fTO|) . As was pointed out in Ref. [l3| and further developed in Refs. 0, S|, the mass scale 
^2 used in this on shell scheme is related to the mass scale used in the minimal subtraction (MS) 
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scheme through 

so that if /3 and 7 are the RG functions in the MS scheme, then 

f3[X) ^ (36) 

1-/3(A)/(2A) ^ ^ 

and 

^(A) . m . (37) 

1-/3(A)/(2A) ^ 

The functions f3 and 7 are given up to five loop order in Ref. this in turn gives (3 and 7 to five 

loop order Explicit expressions for the MS RG functions /3 and 7 up to five loop order appear in 
Ref. [3], so that 5*0 (^), ■ ■ ■ , Si{S,) can be given in terms of MS RG functions. This permits determining 
Z up to order N^LL exactly, when using the renormalization condition of eq. (fTO| . Finding Z in some 
other scheme such as MS would require explicit computation of the boundary condition S'„(0) through 
evaluation of Feynman diagrams in that renormalization scheme. Recall also that the quantity L in the 
MS scheme has explicit dependence on A. 

We now consider massless scalar electrodynamics. 



III. Z(0) IN MASSLESS SCALAR ELECTRODYNAMICS 

In this section we examine massless scalar electrodynamics, whose classical action is 

^cl = fd'x{^ [{d, + ieA^)cj,*] [(9^ - zeA^)<^] - 1(9^ A. - d^A^f - } ■ (38) 



This is dependent on two coupling constants, A and a = e^. 

The effective action in the presence of a background field and a background gauge field can be 
expanded in powers of derivatives of these background fields leading to 

C^Q = -V{4>) - ^HmF^^f + ^Z{<P)\d^cf> - teA^^l^ + • • • , (39) 

where all fields are evaluated at some fixed point. The form of the dependence of C^q on and is 
restricted by gauge invariance. 

We again focus on the function Z((j>) associated with kinetic term for the scalar field. Once more, we 
apply an "on shell" renormalization condition [l| 

Z{cj,*cp^fi') = l. (40) 

The function Z can be evaluated perturbatively, leading to a general expansion 

00 oc n+/c 

Z(A, a,^,fi) = J2J2J2 T;^+fc_,.,,fcA"+^-'■a^L^ (41) 

n=0 fc=0 i-=0 

where L = ln((/)*(/)//i^) with fi^ again being the renormalization scalar parameter. The RG equation is 
now 



Z = (42) 
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where 



/3^(A,a) 
/3"(A,a) 
and 7(A, a) 



' n=2 

r-, OO 

n— 1 



n 

.9ri-r,rA a . 



(43) 
(44) 
(45) 



r=0 



(The product eA^ is not renorinaHzed with suitable gauge fixing. ) 

The kinetic term Z of eq. (|4T|) depends now on two coupUngs A and a; this is what makes the discussion 
of Z in massless scalar electrodynamics more complicated than in the pure massless 0| model, where Z 
in eq. (fT3| depends on only a single coupling A. It turns out to be advantageous to define 



r=0 



SO that by eq. (|4T|) 



(46) 



(47) 



n=0 fe=0 



Just as S'm(AL) of eq. (fT7|) is identified with the N™LL contribution to Z in the massless (pf model, so 
also we find that the N"LL contribution to Z in massless scalar electrodynamics is given by 



Zn"LL = E ^k+nL^ 



k=0 



With the renormalization condition of eq. l(40|) , we have 

Pn — SnO- 



Substitution of eq. (|47]) into results in 



EE 

n=0 k=0 



2fc(-l + E 7™)n'i'-' + E ('3' 



'9A '^"Sa 



(48) 



(49) 



(50) 



Each of the quantities P^, /3^, /3" and 7„ are of the form E Cn-r,r-^" ^o^^i i-e-, they are polynomials of 



r=0 



degree n in A and a. By having each term of order k in L and of order n in A and a in eq. ((50|) equaling 
zero, we obtain a series of coupled partial differential equations with the boundary condition of eq. l(49|) 
that can be solved for each of the P^ in turn. For example, if in equation fSOj) we were to consider the 
term of zeroth order in L and first order in the coupling, we have 



2Pl + 271 po = 0. 



(51) 



This, combined with eq. I|49p . determines P^. In general, if in eq. I|50p we examine terms of order n in 
L and order (n + 1) in the coupHng, then 



E 



n+l 



71+1 



n+l 



71 



pn 



(52) 



This fixes all the LL contributions to Zll of eq. (|48l) in terms of , (^2 and 71. One could obtain each 
of the coefficients Tn-r,r,n contributing to P^ in eq. (|46| in terms of 62-rri and gi-r,r directly 
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from eq. ([52l) . 

The coefficients P^^i that contribute to Znll can also be found from the RG equation of eq. I|50p . To 
do this we consider these terms in eq. l(50|) that are of order n in L and order {n + 2) in the coupHngs, 



/ pn+l pn+l\ 



1 



71+1 



dc 



71 



ri+l 



1 



d 



d 



o /^STTV+Z^SlT- 



dc 



- 72 



(53) 

Having determined each of the coefficients Tn-r,r,n that contribute to from eq. l[52l) . we can now 
use eq. l(53|) to fix the coefficients T„+i_r,r,n that go into P^+i provided /Sg , /3f and 72 are known. The 
boundary condition = which follows from eq. I|49p is also employed. 

As in Ref. a variant of the method of characteristics can be used to find a closed form expression 
for the sums occurring in Z^^ and ^atll. We start by defining 



W^„V(A(t),a(t),t)=exp 



7i(A(T),a(T))dT 



where the characteristic functions X{t) and a{t) satisfy 

dX{t) 



dt 
dait) 
dt 



P^{\{t),a{t)), A(0) = A, 
l3^{Xt),a{t)), a(0) = a. 



(54) 

(55) 
(56) 



The forms of /?2 and appear in Ref. [ll], as well as the solution for \{t) and a{t). Differentiating |[54] 
with respect to t gives 



tV„V(A(t),«(t),t) = ( /32^(A,«)£ +/32"(A,a)^ + 27i(A,a) ) M/„V(A(t), a(0, t). 



Together, equations ((52l) . (|54|) and l(57|) show that 

1 d 



* * n+1 



1 



If: 



where 



with 



+^ 2(n+l)dr'" 2"+i(n + l)!dt"+i ° 

00 

^ll(0 = E^"(^W'"W'*)^" 
L = In 



then by ([IH]) 



ri=0 



d/i(t) 
dt 



n\ \ 2 



= /i(i) , //(O) = /X, so that /x(t) = /xe* 



<(A(t), a(i), t) = < ( \{t + \), a{t +^),t+^ 



Furthermore, eqs. ([54]) -([Ml), (159l-(|6T|) show that 

Zll{0) = Zll 



(57) 



(58) 



(59) 



(60) 



(61) 



(62) 



(63) 



and so by eqs. l(49|) and l(62l) . 



Since L = when 
Next we take 



L/2 



7i(A(r),a(r))dr 



Zll= cxp 



^ , the renormalization condition of eq. (|40l) is satisfied. 



n=0 



so that 



By eqs. ([Ml) and we find that 



d 



dX 



da 



Using eqs. I|52p and l(57|) . this equation becomes 



1 

2ri 



dX 



da 



rn—l 



d 



d 



dX 



dt 



da 

v{t)w:zi 



aA 



n — l 



Iterating eq. l(69|) and again using eq. l(58|) . we find that 



Using identity 



jn— 1 



-m-2 



-/n—l 



dt 



,d"-ig 



dt V dt" 



d^5 
dt" 



eq. l(70|) reduces to 



dt 



1 



where dV{t)/dt = V{t), so that 
P(tX(A(t),«(t),t) = 



d" 
dt" 



to 



d 



(A(r), a(r)) _ + ... + 27? (A(r), a(r)) 



dr <(A(t), 
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and 



dt 



P(<X(A(i),a(t),i) 
d 



(3^ cm, exit)) 



dX{t) 



27?(AW,a(<)) 



aA(t) 



+ --- + 27f(A(r),a(r)) 



rfr|<(A(t),aW,t). (74) 



Eqs. ([73|l and l(74])_ ensure consistency between eqs. l(70|l and ([72l) . It is important to note that in 
eqs. I|73p and l(74|) A and a are evaluated at t when they appear in the arguments of Wq and also that 
derivatives with respect to A and a are also computed with A and a evaluated at t._ In eq. l(74|) . the 
ordinary derivative d/dt acts on Wq {X{t) , a{t) , t) prior to functional derivatives d/d\{t) and d/da[t). 
The last step to be performed on the right hand side of eq. l(74|) is the integration over r. Eq. l(65l) now 
can be written as 



^NLL 



^ ^ On 



Tl = 



2"n! 



dF 



(<(AW, a(t), t) + PW<(A(i), aW, t)) - P(t)^<(A(0, a^, 



(75) 



The sum over n in eq. (|62| can now be performed and upon setting t = and using eq. ((66]) we obtain 



^NLL 



(0) = W^f A 



2 / ' 2 



V 



< A 



2 y ' 2" 



(76) 



provided I>(0) = (i.e., we select io = 0). We thus have a closed form expression for ^wll- The 
renormalization condition of eq. I|49p further reduces it to 



Znll 



P ( I ) cxp 

rL/2 



L/2 



71 {HT),a{T)) dr 

L/2 



2 / rfT[72(r)+72(T)]exp 2 / 
Jo Jo 



7i(A(T),a(T))dT 



(77) 



The closed form of Zn2j^j^ term could be obtained in a similar manner. In eq. ((50|) . consider the terms 
that are of order n oi L and of order {n + 3) in the couplings, 



p:t3-hiP:t2+i2P:+^) 



1 



2{n + 1) 



d 



d 



f32^+P2^+'2ll]P, 



dX^^' da 
d 



n+2 



(^3^7 + f^Si- + 272 ) C+i + ( Ptir + 273 ) P: 



dX 



da 



dX 



da 



(78) 



Using eqs. I|58p and ((69l) . we obtain 
1 



' ' n+3 



2(n + l) 



+ ((72+7?) (/?: 

ax 



d 



dX 



da 



d 



d 



P^TTT +271+71 /?3 TTT +P3^+ 27: 



dX 



da 



+ /?4^+/34 7Tr + 273) 



1 



2(n+ 1) 



dt 



n+2 



d_ 

da 



(79) 
(80) 
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Iterating this equation n times and again using (|58|) and l[72|) . it is found 



' ' n+3 



1 



2"+i(n + 1)! 



r 



dt 



Voit) 



Using eqs. ijTTI) and ([GS)) and the boundary condition (|49|) . it is found that 



L 



(0) = U^i o o 



^10 



hr 77 - 2^10 77 



Al4 



(81) 



a — , — 



exp 



L 
'2 

L/2 



71 (A(T),a(T))dT(32 



where dVQ{t)/dt ~ 'Do{t), dVi{t)/dt = dt>io{t)/dt ~ T>i{t)'D{t) with equations analogous to eqs 

{73]) and {H} being satisfied and we have set 2?o(0) = 0, 151(0) = and r>io(0) = 0. 

For Zn^ll, {ni > 2), we easily see from the derivation of Zll, Z^ll and Zj^ij^j^ in eqs. (|64|) . l(77| 
and (|82|) . that every Zn^ll is in the form of some operator 2?™ applied to Wj, i.e., 



T^rni^] exp 



L/2 



71 {H'T),a{T)) dr 



(83) 



The /3 and 7 functions to order (3^+2 j P'm+2 and 7m+i uniquely determine the operator Vm, which in 

turn fixes Z{(j>) to order N™LL. 

From eq. ^ it follows that Zll = 1 if 0^ = /i^ (L = 0) while from eqs. (|77|82l83p we see that 
Znpll = (p > 0) in this Hmit. This is consistent with the renormalization condition of eq. ifTOl) . If 
we take fi — v, then it is apparent that Z{v) in eq. ^ is just equal to one. The RG function used in 
deriving eqs. l(64|) . l(77l) . l(82|) and l(83ll are those associated with the "on shell" renormalization conditions 
of eq. © and JlO]) or gO]). 



IV. DISCUSSION 



We have demonstrated that the kinetic term in the derivative expansion of the effective Lagrangian 
can be determined entirely by the "on shell" RG functions in the massless 01 model. The LL , NLL, 
N^LL have similarly been computed in massless scalar electrodynamics. This is a necessary ingredient in 
determining the radiatively generated mass in these models, as is shown by eq. 

There are several avenues that should be further explored. For example, we should show that terms 
in the derivative expansion of the effective Lagrangian beyond the kinetic term for the scalar field are 
expressible in terms of the RG functions. We should also consider the effect of inserting a mass for the 
scalar fields in the classical Lagrangian considered here. 

Possibly the most important question is to see if the techniques employed here and in Ref. 0, [§| can 
be used to compute more precisely the Higgs mass in the massless standard model, thereby improving 
on the estimates of Refs. [1, @|. This is currently being undertaken [2l|. 
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